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Remark: There are six questions here. Answer any five.

1. Let x be a vertex of a graph X. Let T be a spanning tree in X. Prove that π1(X,x) is
isomorphic to the free group generated by the edges in X\T by exhibiting an explicit
isomorphism between these two groups. You must show that your isomorphism is well
defined and is indeed a group isomorphism. [20]

2. Present a five vertex triangulation of the Mobius band and explain why it triangulates
the Mobius band. Using this triangulation, compute the fundamental group and the
Betti numbers of the Mobius band. [20]

3. Let X be a simplicial complex and x be a vertex of X. Show that there is a well
defined group homomorphism f : π1(X,x) → H1(X) given by f([x0, x1, ...xm]) =
[x0, x1] + ...+ [xm−1, xm] for any closed walk x0, x1, ..., xm at x. Show that f is onto,
and its kernel is the commutator subgroup of π1(X,x). Hence conclude that H1(X)
is the abelianization of π1(X,x). [20]

4. (a) Show that H0(X) ∼= π0(X) for any simplicial complex X.

(b) Show that
d∑
i=0

(−1)iβi =

d∑
i=0

(−1)ifi

where d = dim(X) and (β0, ..., βd) and (f0, ..., fd) are the vectors of Betti numbers
and of the face numbers of X. [20]

5. For any simplicial complexX and any face α ∈ X, the link Lα of α inX is defined to be
the sub-complex Lα = {β ∈ X : β∩α = ϕ and β∪α ∈ X}. X is said to be a homology
sphere if, for every face α of X (including the empty face) the homology groups of
Lα are isomorphic to the corresponding homology groups of the sphere of dimension
dim(Lα). (It can be shown that every triangulation of a sphere is a homology sphere.)
Prove by induction on dim(X) that the face numbers of any homology sphere X of

dimension d satisfy fi(X) ≥
(
d+ 2
i+ 1

)
, 0 ≤ i ≤ d, with equality only for the standard

triangulation of Sd. [20]

6. Let (X,x) be a pointed topological space. Let P be the set of all maps f : (I, 0) →
(X,x) when I : [0, 1]. Define the equivalence relation ∼ on P by f1 ∼ f2 if f1(1) =
f2(1). Let < f > be the ∼ class containing f ∈ P . For f ∈ P and a neighborhood f
of f(1), let < f, < f >) be the set of all < g > as g ranges over the continuations of f
in f. Show that the family of such sets < f, < f >) is the base for a path connected
topology on X̃ := {< f >: f ∈ P}. [20]
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